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The Main Characters
@ John Conway

e D.E. Knuth

@ Alice and Bill
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Construction Goals

@ All the Real Numbers (and then some)
@ Infinitesimal and Ordinals
@ Ordering
e For any a,b then either b < a,ora <b
© Two Binary Operations: Addition and Multiplication

@ea+b=b+aanda-b=0b-a

e a(b+c¢)=ab+ac

e If a # 0 then there exists —a and a~! such that
a+(—a)=0and aa"! =1
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The First Definition

Definition (Surreal Number)

A surreal number z is a tuple of sets © = (X |Xg) such
that

Q@ Each z; € X and xr € Xy is a previously created
surreal number

@ Forany x; € Xy and vp € X 2 2 xR
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The Ordering

Definition

Given two surreal numbers x = (X|Xg) and

y= (Yr|Yr) wesay x < y if for any x; € Xz 2y
and for any ygp € Y = 2 yg.
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Constructing the Surreals

We don’t have any surreal numbers yet! So how do we
use our definition?

Definition (Empty Set)

The empty set is the unique set with no elements. It is
denoted by 0.

(010) =0
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Constructing the Surreals

Day 1

({0}[0) =1
({0}{0}) = 0
(0/{0}) = —1
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Constructing the Surreals

Non-Unique Representation

Definition
Given two surreal numbers x = (X|Xp) and
y = (Yr|Yg), if t <y and y < x then we say x = y.

(010) = ({0}{0}) = ({(010)}({0[0)})
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Constructing the Surreals

@[{-1}) ({-13{oh) ({o}{1h ({1}10)
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Constructing the Surreals

Addition

Definition (Addition)

rt+y= ((XL—l—y)U(YL-l—x) (XR—I—y)U(YR—Hc))

—v = (—Xg| — X1)
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Additive ldentity

Let = = (0|0)

o= (01001 0+ (0)))
= ({300}
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Constructing the Surreals

Multiplication

Definition (Multiplication)
Let z = (X |XR) and y = (Y|YR) be surreal numbers.
Then x -y = (XY|XYpg) is given by

XYy = {XL'y+x'YL_XL'YL}U{XR'y—f-ZL"YR—XR-YR}

XYp = {XL'?J‘HC'YR_XL'YR}U{XR'?J—I—CIJ-YL—XR-YL}J
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Multiplication Cont.

Why does this definition make sense?
Let z; € X and y;, € Y. We want to show
rp -y +ayr —xp -y € XY

Loy +axyr — -y < xy
— vp-y+tay,—xL-yLr—2xy <0
< vy —yr) —2(y —yr) <0
< (rp—2)(y—yr) <0
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Constructing the Surreals

What numbers do we create on the n'" day?

Q@ Itn
1
e :t2n—1
@ In general, if z,y were created before day n, we
r+y

2
Problem! On any finite day we can only create numbers

of the form % where ¢ € Z and k£ < n.

make
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Constructing the Surreals

The Birthday Problem

Remark (The Birthday Problem)
Let’s consider the following collection of surreal numbers

{=13{1}),  ({-1}3{2,5,7}), ({-100}[{10,000})

In general, given x = ({xp}|{xr}) we define x to be the
earliest created surreal number such that v < z < zp. )
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Infinite Days

Infinite Days
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Day w

After infinitely many days, | can now create infinite sets!
1_({1 o 21 }‘{1311 })
3 \l4'16764" " 283277

1 9 9289 1 1 3 5
= ({35’36_4’32048 }‘{32 SUIRETIEETIE }>
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Infinite Days

Infinities and Infinitesimals

(ot
(i
w+1=({w}|0)
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Conclusions

Conclusions
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Conclusions

Infinity and Beyond

2w = ({w,w+1,w+2,w+3,...}0)
w? = ({w, 2w, 3w, 4w, .. . }|0)

W = ({w,w’, W W', 3 0)
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What Breaks?

e Topology
@ Completeness
@ Integration

S. O'Hara (seohara@wesleyan.edu) Wesleyan University March 29, 2025 26/28



Acknowledgement

Thank youl

S. O'Hara (seohara@wesleyan.edu) Wesleyan University March 29, 2025 27/28



Refrences

[1] D.E. Knuth. Surreal Numbers: How Two Ex-students Turned
on to Pure Mathematics and Found Total Happiness : a
Mathematical Novelette. Addison-Wesley Publishing
Company, 1974.

[2] Simon Rubinstein-Salzedo and Ashvin Swaminathan. Anaysis
on surreal numbers, 2015.

[3] Claus Tgndering. Surreal numbers - an introduction, 2019.

S. O'Hara (seohara@wesleyan.edu) Wesleyan University March 29, 2025 28/28



	Introduction
	Constructing the Surreals
	Infinite Days
	Conclusions
	Acknowledgement

